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Foreword (I)
• No scale separation when it comes to strain 

localization and fracture.

• Simple tests are already structural tests, there exist no 
pure material test because failure is not homogeneous.

• Material modeling must involve a length scale. It  
interacts with the structure whatever its size.

• Models and simulation is needed to get informations 
from tests.

• The notion of local failure criteria (stress, strain, 
combination) is ill-posed.



Arguments on : The need for a length

Limit stress in quasi-static  
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The notion of local failure criteria is ill-posed.
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The notion of size effect 
(explained on a Three Point Bending Test)

And the notion of quasi-brittle material

Bazant, Xu 1991



Bazant size effect law



Foreword (II)

• Pavement degradation : Damage, cracking, 
b r anch i n g , debond in g , pe rmanen t 
deformation : the need for a get together 
model.

• This talk : (a) link between damage and 
fracture, (b) link between debonding-
damage-cracking model 
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Cohesive zone model
The cohesive zone model was first introduced by Dugdale in [8] for ductile materials and 
by Barenblatt in [9] for concrete. The model represents the progressive fracture process 
by condensing over a crack the effect of the whole fracture process zone. A cohesive 
behavior is imposed between the crack lips (see Fig. 2a). The bi-linear cohesive law, well-
known for concrete behavior, is presented in Fig. 3a. This model is widely used [1] and 
is considered to have good capabilities to fit experimental results when the crack path is 
known. If it is not previously known, a complementary method, like the maximum tan-
gential stress (MTS) criterion [10], has to be applied.

Let us consider the following free energy of the cohesive zone, located at x = 0.

where k > 0 and gCZM is a decreasing dimensionless function that characterizes the 
stiffness of the cohesive zone. We derive the dual quantities t (tension) and A

(1)!CZM(w,α) =
1

2
gCZM(α)kw2

(2)σ =
∂#CZM

∂w
= gCZM(α)kw
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Fig. 1 Displacement over the whole bar for CZM and TLS models for a partially damaged bar. L is the length 
of the bar and l the position of the damage front in TLS model.

σ

a Cohesive zone. b Thick level set model.
Fig. 2 Representation of an open crack with a cohesive zone (left) and with a TLS damage zone (right). Dark 
(light) gray indicates (un) damaged.

 Discontinuity models with rising complexity 

Griffith Cohesive Damage

Length scale No Yes Yes (if non-local)

Initiation No Yes Yes

Branching or 
complex 
patterns

No No Yes
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Does this model exist?

• Growing discontinuity (displacement jumps)
• Localization zone surrounded by a local zone
• No material euthanasia (smooth transition 

to fracture)
• Continuum mechanics based

Not really

• Damage based gradient model are non-local everywhere and 
at all times 

• Appearance of displacements jumps is not part of the 
damage based gradient models

• Morphing (G. Lubineau) may be used to couple local and 
non-local models

• Peridynamics tend to create discontinuity but is not 
continuum based



In fact Yes, it was the motivation for the Thick Level Set 
approach to fracture

krdk  f(d)

lc
TLS

�d =
g(d, ✏)

lc
Damage gradient

•Inequality -> non-intrusive non-locality
•First order gradient (Hamilton-Jacobi)
•No boundary conditions for d (just intial)
•g depends on the damage model
•f independent of local damage equation.
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Abstract

The thick level set model (TLS) is a recent method to delocalize local

constitutive model su↵ering spurious localization. It has two major advantages

compared to other delocalization methods. The first one is that the transition

from localization to fracture is taken into account in the model. The second one

is that the delocalization only acts when and where needed. In other words, the

TLS has no e↵ect when the local model is stable. The former advantage was

already detailed in several papers [1, 2] and [3, 4]. This paper concentrates on

the latter advantage.

Keywords: damage; delocalization; non-local damage models; level set; TLS

Introduction
Although the scope of TLS application is much wider, we consider in this paper

the fracture of quasi-brittle structures under quasi-static loading and under small

deformation assumption. The loading is proportional to a scalar parameter. The

material is modelled by a time-independent elasto-damage constitutive model with

scalar damage.

Our goal is to design a framework able to predict the development of damage in

a structure as well as the initiation of cracks and their growth. We wish to predict

crack opening quite accurately (the opening could be used for instance to estimate

leakage through cracks). Due to quasi-static analysis, the loading parameter must

be controlled especially when bifurcation occurs.

Let us first note that the description above is quite di↵erent from a di↵use vision

of the crack in which crack opening is not explicitly modeled as in the phase-field

approach [5, 6, 7] or the variational approach to fracture [8, 9].

We are rather in the vein of transition from damage to fracture as in [10]. However,

the TLS will not be in need of a cohesive zone to perform the transition since. The

model can be considered as a continuous transition from damage to fracture.

The main idea of the TLS for quasi-brittle fracture is to bound the spatial gradient

of the damage variable d, thus avoiding spurious localization. One imposes that the

spatial damage distribution satisfies at all time

krdk  f(d) on ⌦ (1)

where ⌦ is the domain of interest. The choice of the function f(d) will be discussed

in what follows. As damage evolves, one eventually wants to locate the crack, ie the

zone for which d = 1. However, finding the iso-contour d = 1 for a quantity d than

Geometrical nature of the TLS

Identical to  (Eikonal inequality)
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cannot go beyond 1 is a tedious operation. This is where the level set ingredient

comes into play. Variable d is expressed in terms of a level set � as depicted in

Figure 1. This relation introduces a length scale l
c

. Finding the zone d = 1, is now

well-posed since the level set � is not strictly limited to l
c

but may go beyond. With

the use of the surrogate variable �, condition (1) may be rewritten as

8
<

:
kr�k  1

d = d(�)
(2)

where f(d) in (1) is related to d(�) by f(d) = d0(�(d)) (the prime indicating the

derivative of d with respect to �). The function d(�) is called the damage shape

function and is the main ingredient of the TLS. Equation (2) above indicates that

� is a distance function in the zone where the constraint is active (we name this

zone the localization zone). The evolution of a distance function has been analyzed

and updating algorithm proposed in [11]. In the localization zone, the evolution of

� is non-local, indeed

kr�k = 1 ) r�̇ ·r� = 0 (3)

The rate of change of � is thus uniform on any segment aligned with r� and the

rate of d is given by ḋ = d0(�)�̇. Such segments over which �̇ is uniform are depicted

in Figure 2. In the local zone, the evolution of � stems from the evolution of d and

the relation d = d(�).

The delocalization (1) used in the TLS is quite di↵erent from existing delocal-

ization technique. Indeed, it directly uses the norm of the damage gradient. It is

thus a Hamilton-Jacobi type equation. On the contrary, damage gradient models

[12, 13, 14] yield Laplacian damage type equation rising the question of proper

boundary conditions.

The TLS shares some similarities with the so-called non-local integral approach

[15, 16] in which weighted averages are performed over segments (1D), disks (2D)

and spheres (3D) of fixed size. In the TLS approach, however, weighted averages

are always performed on segments (Figure 2) whatever the dimension of the body

and over a length which is not fixed in time but evolves from zero to a maximum

length l
c

.

After this quick introduction of the TLS, we get to the objective of the paper. In

previous TLS paper, the delocalization condition (2) was considered as an equal-

ity on the whole domain. It meant that d was zero on the domain except in zone

where the gradient norm was fixed. The short-coming of this view was that uni-

form or smooth damage field (because of damage hardening for instance) could not

be modeled prior to localization. The inequality analyzed in this paper allows a

combination of local and non-local evolutions. In the literature, the possibility to

combine both local and non-local approach is seldom discussed with the exception

of the so-called morphing numerical technique [17, 18].

The paper is organized as follows. The TLS concept with the inequality constraint

discussed above are detailed in the first section. Next, the TLS boundary value

problem is set up and a dissipation analysis is carried out. A 1D pull-out is solved
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Crack is located automatically (iso-lc)

TLS  = CDM   et 
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Figure 2 Local (⌦�) and localization (⌦+) domains as well as cracks faces (�c). Inside ⌦+, we
have kr�k = 1. It can be noted that r� (and thus rd) is discontinuous along the dashed line
which is the so-called skeleton of the distance function.

Whether local or non-local constitutive model should be used at a point x is thus

based on condition (9).

kr�(x)k < 1 ) Local constitutive model at x (14)

kr�(x)k = 1 ) Non-Local constitutive model at x (15)

kr�(x)k > 1 forbidden (16)

The first condition is the major novelty of this paper, compared to previous paper

on the TLS. At any time t, the domain may thus be decomposed into three non-

overlapping zones : a local zone ⌦�, a non-local zone ⌦+ and a fully damaged zone

⌦
c

⌦ = ⌦
c

[ ⌦+ [ ⌦� (17)

⌦� = {x 2 ⌦ : kr�(x)k < 1,�(x) < l
c

} (18)

⌦+ = {x 2 ⌦ : kr�(x)k = 1,�(x) < l
c

} (19)

⌦
c

= {x 2 ⌦ : �(x) � l
c

} (20)

We define also the boundary �
c

of the fully damaged zone and the interface �

between the local and non-local zones.

�
c

= @⌦
c

, � = ⌦+ \ ⌦� = @⌦+ \ @⌦� (21)

The boundary �
c

defines the crack faces. Figure 2 shows a typical scenario of a

crack appearing inside the localization zone.

Note that the volume measure of ⌦
c

may be zero. This information is part of the

solution process. We expect di↵erent shapes of ⌦
c

in comminution and brittle crack

propagation.

Eikonal equation

Condition, kr�(x)k = 1 is a non-linear first-order partial di↵erential equation. It

is called an Eikonal equation and belongs to the Hamilton-Jacobi equation family.
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a b

⌦+

c d e

⌦�⌦�

�

x

Figure 3 Distribution of � on a 1D domain: ⌦ = [a, e],⌦+ = [b, d],⌦� = [a, b][ [d, e],� = {b, d}.
Slopes at 45 degrees on ⌦+ indicate that � behaves as a distance function (kr�k = 1) whereas
kr�k < 1 on ⌦�. Point c is the skeleton of the distance function.

where we have assumed Y
c

uniform (if not it needs to be averaged by formula (25)).

Finally, we write the relation giving �̇ in terms of ḋ:

ḋ = d0�̇, d0 2 A :

Z

⌦

+

d0a d! =

Z

⌦

+

d0a d!, 8a 2 A (29)

To end this section we illustrate the average formula on the 1D example depicted

in Figure 3. Averages are given by

On [b, c] : y =

R c
b yd0(�) dx
R c
b d0(�) dx

, ḋ(x) =

R c
b ḋ dx
R c
b dx

(30)

On [c, d] : y =

R d
c yd0(�) dx
R d
c d0(�) dx

, ḋ(x) =

R d
c ḋ dx
R d
c dx

(31)

TLS boundary value problem
We are now able to define the boundary value problem. The set of admissible

displacements is given by

U = {u 2 C0(⌦/⌦
c

),

Z

⌦/⌦c

 (✏(u), d(�)) d! < +1,u = �ud on @⌦u} (32)

The fact that the fully damage zones are removed from the domain is important. It

allows the displacement to be discontinuous across �
c

. Regarding the regularity of

the displacement, we request that the energy, i.e integral of  over ⌦/⌦
c

, is finite.

This space is not simply H1 as in elasticity since the sti↵ness is possibly vanishing

on �
c

boundary [21].

Regarding the � variable, it is required to be continuous over ⌦ and belong to the

set K. The admissible set for � is denoted K.

K = {� 2 C0(⌦) : kr�(x)k = 1,x 2 ⌦+, kr�(x)k < 1,x 2 ⌦�} (33)

The following inclusion holds true
Γc ⊂ ∂Ωc, (16)

and the equality is obtained whenever ∂Ωc ⊂ ∂Ω+, which is the case either when Ω̊c = ∅
or ∂Ωc ∩ ∂Ω = ∅. Figure 2 illustrates such parts and interfaces, we can see that Γc models
crack lips.

Figure 2: parts and interfaces involved in TLS

The purpose of having an auxiliary field φ can now be clarified by looking at the definition
of Ωc. First, we can say that by continuity of φ on Ω, φ = lc on Γc. Then, noticing that
φ ≥ lc implies d = 1 we are free to modify values of φ in Ω̊c without modifying values of
d. If we choose to increase φ continuously from Γc to Ω̊c by respecting ∥∇φ∥ = 1 we finally
ensure φ > lc in Ω̊c and we have

Γc = iso-lc(φ). (17)
This equation gives an easy way to discretize crack lips and further enrich the approxima-
tion. This particular point is discussed in the implementation section.

We further assume that once a material point is in the nonlocal zone Ω+, it cannot go back
to the local zone, and as a consequence the equality ∥∇φ∥ = 1 holds through time (and
damage evolution). By taking its material derivative

d∥∇φ∥
dt

= ∇φ ·∇φ̇ = 0 in Ω+, (18)

we obtain a condition over field φ̇ in Ω+ that imposes the field to be constant along curves
following φ gradients in Ω+.

This particular property brings nonlocality into damage evolution since in addition to (18),
by taking the material derivative of equation (6), we write

ḋ = d′(φ)φ̇. (19)

Since φ̇ is constant along gradient of φ in Ω+, the driving field of φ̇ in the evolution model
must respect such property. We then define a space in which every field having such property
lives, it reads

A =
{
a ∈ L2(Ω \ Ωc) : ∇φ ·∇a = 0 in Ω+

}
. (20)

Knowing any local field X, the associated nonlocal field X is given by solving the following
variational formulation: knowing d′(φ) ∈ C(Ω \ Ωc), X ∈ L2(Ω \ Ωc) find X ∈ A such that

∫

Ω\Ωc

Xd′(φ)a dω =

∫

Ω\Ωc

Xd′(φ)a dω, ∀a ∈ A. (21)

5

1D 2D
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Local and non-local damage zones 

Local

Non-Local

d = d(�), kr�k = 1

d = d(�), kr�k < 1

 = 0
� = lc

⌦+

⌦�

�

Figure 2:

In order to detect if localization occurs, the TLS uses the norm of the
gradient of �. As soon as this norm reaches 1, non-locality steps in

kr�(x)k < 1 ) Local constitutive model at x (6)

kr�(x)k = 1 ) Non-Local constitutive model at x (7)

kr�(x)k > 1 forbidden (8)

In the non-local zone, damage will continue to evolve. At some stage,
there will be points in the domain ⌦ such that � � l

c

meaning that these
points are fully damaged. The initial domain ⌦ is composed of three non-
overlapping zones : a local zone ⌦�, a non-local zone ⌦+ and a fully damaged
zone ⌦

c

⌦ = ⌦
c

[ ⌦+ [ ⌦� (9)

⌦� = {x 2 ⌦ : kr�(x)k < 1,�(x) < l
c

} (10)

⌦+ = {x 2 ⌦ : kr�(x)k = 1,�(x) < l
c

} (11)

⌦
c

= {x 2 ⌦ : �(x) � l
c

} (12)

We define also the boundary �
c

of the fully damaged zone and the boundary
between the local and non-local zones.

�
c

= ⌦
c

\ ⌦+, � = ⌦+ \ ⌦� (13)

In the TLS model, �
c

is defined as the crack boundary. The figure 2 shows
a typical scenario of a crack appears inside the localization zone. Note that

3

The localization boundary evolves in order to preserve 
damage continuity (Hadamard condition)   

: Localization boundary

[d]� = 0 8t ) [d̊]� = 0 ) [ḋ] + v� · [rd]� = 0



Z

⌦
w(u, d(�))

G = �@W

@a

Gȧ
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ȧ =
@ ⇤(G)

@G
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Moës et al. Page 5 of 22

:

*

�

:
�

*c

'

I

'

I

Figure 2 Local (⌦�) and localization (⌦+) domains as well as cracks faces (�c). Inside ⌦+, we
have kr�k = 1. It can be noted that r� (and thus rd) is discontinuous along the dashed line
which is the so-called skeleton of the distance function.

Whether local or non-local constitutive model should be used at a point x is thus

based on condition (9).

kr�(x)k < 1 ) Local constitutive model at x (14)

kr�(x)k = 1 ) Non-Local constitutive model at x (15)

kr�(x)k > 1 forbidden (16)

The first condition is the major novelty of this paper, compared to previous paper

on the TLS. At any time t, the domain may thus be decomposed into three non-

overlapping zones : a local zone ⌦�, a non-local zone ⌦+ and a fully damaged zone

⌦
c

⌦ = ⌦
c

[ ⌦+ [ ⌦� (17)

⌦� = {x 2 ⌦ : kr�(x)k < 1,�(x) < l
c

} (18)

⌦+ = {x 2 ⌦ : kr�(x)k = 1,�(x) < l
c

} (19)

⌦
c

= {x 2 ⌦ : �(x) � l
c

} (20)

We define also the boundary �
c

of the fully damaged zone and the interface �

between the local and non-local zones.

�
c

= @⌦
c

, � = ⌦+ \ ⌦� = @⌦+ \ @⌦� (21)

The boundary �
c

defines the crack faces. Figure 2 shows a typical scenario of a

crack appearing inside the localization zone.

Note that the volume measure of ⌦
c

may be zero. This information is part of the

solution process. We expect di↵erent shapes of ⌦
c

in comminution and brittle crack

propagation.

Eikonal equation

Condition, kr�(x)k = 1 is a non-linear first-order partial di↵erential equation. It

is called an Eikonal equation and belongs to the Hamilton-Jacobi equation family.
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Figure 3 Distribution of � on a 1D domain: ⌦ = [a, e],⌦+ = [b, d],⌦� = [a, b][ [d, e],� = {b, d}.
Slopes at 45 degrees on ⌦+ indicate that � behaves as a distance function (kr�k = 1) whereas
kr�k < 1 on ⌦�. Point c is the skeleton of the distance function.

where we have assumed Y
c

uniform (if not it needs to be averaged by formula (25)).

Finally, we write the relation giving �̇ in terms of ḋ:

ḋ = d0�̇, d0 2 A :

Z

⌦

+

d0a d! =

Z

⌦

+

d0a d!, 8a 2 A (29)

To end this section we illustrate the average formula on the 1D example depicted

in Figure 3. Averages are given by

On [b, c] : y =

R c
b yd0(�) dx
R c
b d0(�) dx

, ḋ(x) =

R c
b ḋ dx
R c
b dx

(30)

On [c, d] : y =

R d
c yd0(�) dx
R d
c d0(�) dx

, ḋ(x) =

R d
c ḋ dx
R d
c dx

(31)

TLS boundary value problem
We are now able to define the boundary value problem. The set of admissible

displacements is given by

U = {u 2 C0(⌦/⌦
c

),

Z

⌦/⌦c

 (✏(u), d(�)) d! < +1,u = �ud on @⌦u} (32)

The fact that the fully damage zones are removed from the domain is important. It

allows the displacement to be discontinuous across �
c

. Regarding the regularity of

the displacement, we request that the energy, i.e integral of  over ⌦/⌦
c

, is finite.

This space is not simply H1 as in elasticity since the sti↵ness is possibly vanishing

on �
c

boundary [21].

Regarding the � variable, it is required to be continuous over ⌦ and belong to the

set K. The admissible set for � is denoted K.

K = {� 2 C0(⌦) : kr�(x)k = 1,x 2 ⌦+, kr�(x)k < 1,x 2 ⌦�} (33)
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Finally, we write the relation giving �̇ in terms of ḋ:

ḋ = d0�̇, d0 2 A :
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⌦

+

d0a d! =
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⌦

+

d0a d!, 8a 2 A (29)

To end this section we illustrate the average formula on the 1D example depicted

in Figure 3. Averages are given by

On [b, c] : y =

R c
b yd0(�) dx
R c
b d0(�) dx

, ḋ(x) =

R c
b ḋ dx
R c
b dx

(30)

On [c, d] : y =

R d
c yd0(�) dx
R d
c d0(�) dx

, ḋ(x) =

R d
c ḋ dx
R d
c dx

(31)

TLS boundary value problem
We are now able to define the boundary value problem. The set of admissible

displacements is given by

U = {u 2 C0(⌦/⌦
c

),

Z

⌦/⌦c

 (✏(u), d(�)) d! < +1,u = �ud on @⌦u} (32)

The fact that the fully damage zones are removed from the domain is important. It

allows the displacement to be discontinuous across �
c

. Regarding the regularity of

the displacement, we request that the energy, i.e integral of  over ⌦/⌦
c

, is finite.

This space is not simply H1 as in elasticity since the sti↵ness is possibly vanishing

on �
c

boundary [21].

Regarding the � variable, it is required to be continuous over ⌦ and belong to the

set K. The admissible set for � is denoted K.

K = {� 2 C0(⌦) : kr�(x)k = 1,x 2 ⌦+, kr�(x)k < 1,x 2 ⌦�} (33)



Non-local  driving force along the gradient of damage

Continuous transition from local to non-local since the 
length over which average is performed rises from 0 to 
lc.



Implementation aspects (I)

• Damage is a nodal quantity (as in 
damage gradient models)

• Damage update is local at the node 
in the local zone

• Damage gradient is monitored in 
eache element

• Damage update ties nodes in the 
non-local zone. The tie is made by 
fast marching

Figure 4: illustration of modes in local and nonlocal zone

boundary value problems, respectivelly called reinitialization problem and velocity extension
problem. Knowing φ on Γ, find φ̃ in Ω+ such that

∥∇φ̃∥ = 1 in Ω+, (81)

φ̃ = φ on Γ, (82)

and knowing φ̃ in Ω+ and v on Γ, find ṽ in Ω+ such that

∇φ̃ ·∇ṽ = 0 in Ω+, (83)
ṽ = v on Γ. (84)

The existence and unicity of solutions is not discussed in this paper but we mention that
FMM computes the viscosity solution of the reinitialization problem, see [25] for mathemat-
ical description of such solution to the first boundary value problem. The FMM algorithms
are not described in this paper neither and can be found in detail in [26] and [27]. Only the
input data and the exploitation of the output data are considered in the following. Nodes
belonging to SNLB are located on the discrete interface between the nonlocal zone and local
zone, input data are given only on nodes belonging to that set.

• input data: for all i ∈ SNLB give φi and {V }i = (δji)j∈SNLB ,

• output data: for all i ∈ SNLI obtain φi and {V }i = (cji)j∈SNLB ,

where δji is the Kronecker symbol. Once the delocalization matrix is built, computation of
coefficients Xi of any nonlocal field X

h is done by two finite element assembling procedures
and basic algebra. Given φh and Xh, for any test field vh =

∑
i∈S viNi assemble the linear

form
vh $→

∫

Ωh\Ωh
c

Xhd′(φh)vh dω, (85)

into vector {A} and assemble the linear form

vh $→
∫

Ωh\Ωh
c

d′(φh)vh dω, (86)

12

CCL: NO matrix solve for damage update with TLS
This is an important advantage in quasi-static analysis
and ESSENTIAL for explicit dynamics analysis

Damage update



X-FEM enrichment to introduce 
displacement jumps

Displacement

Implementation aspects (II)



Implementation aspects (III)
Capturing length scale

• It takes small meshes to capture the localization 
length (say 5 elements per lc).

• Thanks to X-FEM mesh may be derefined away 
from moving tips.

• Local-Global solver (from A. Duarte et al.) is on 
the way: goal get TLS simulation time <= 10 times 
LEFM analysis. Duarte Talk : workshop 1 just after 
coffee



Some 3D numerical 
experiments
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A step toward debonding 

Relationship between 
Cohesive Zone Model 

and 
Thick Level Set models

Is TLS indeed a larger set than CZM ?
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Cohesive zone model
The cohesive zone model was first introduced by Dugdale in [8] for ductile materials and 
by Barenblatt in [9] for concrete. The model represents the progressive fracture process 
by condensing over a crack the effect of the whole fracture process zone. A cohesive 
behavior is imposed between the crack lips (see Fig. 2a). The bi-linear cohesive law, well-
known for concrete behavior, is presented in Fig. 3a. This model is widely used [1] and 
is considered to have good capabilities to fit experimental results when the crack path is 
known. If it is not previously known, a complementary method, like the maximum tan-
gential stress (MTS) criterion [10], has to be applied.

Let us consider the following free energy of the cohesive zone, located at x = 0.

where k > 0 and gCZM is a decreasing dimensionless function that characterizes the 
stiffness of the cohesive zone. We derive the dual quantities t (tension) and A

(1)!CZM(w,α) =
1

2
gCZM(α)kw2

(2)σ =
∂#CZM

∂w
= gCZM(α)kw

−L −l 0 l L

w

position x

di
sp
la
ce
m
en
t
u
(x
)

TLS
CZM

Fig. 1 Displacement over the whole bar for CZM and TLS models for a partially damaged bar. L is the length 
of the bar and l the position of the damage front in TLS model.

σ

a Cohesive zone. b Thick level set model.
Fig. 2 Representation of an open crack with a cohesive zone (left) and with a TLS damage zone (right). Dark 
(light) gray indicates (un) damaged.

2 `c

`
coh

Figure 6 Classical shape of a damaged zone and lengths definitions.

2.3 From general to particular relations

These general relations are now derived in the case of a particular choice of gdam(d). Later, a particular
form of d(�) is assumed.

2.3.1 A particular choice of damage function g
dam

A classical choice is made:

gdam(d) = 1� d, and then �dam(", d) =
1

2

(1� d)E"2 (43)

The admissibility condition (16) becomes
h0(d) � 0 (44)

and

I(ˆ�) =

Z
�̂

0

d

1� d
dˆ� (45)

The system of equations (39) can be rewritten as follows.

�̂ = F (�I�̂) and H(d(ˆ�)) =
d(ˆ�)

1� d(ˆ�)
�̂2 (46)

Moreover,
t
f

=

p
2EY

c

(47)

2.3.2 A particular choice of TLS regularization d(�)

We consider a parabolic damage law (see Figure 5)

d(ˆ�) = 2

ˆ�� ˆ�2 (48)

and

I(ˆ�) =
ˆ�2

1� ˆ�
(49)

The system (46) writes now

�̂ = F

 
�

ˆ�2

1� ˆ�
�̂

!
and H(d(ˆ�)) =

2

ˆ�� ˆ�2

(

ˆ�� 1)

2
�̂2 (50)

Geometrical and mechanical similarities 

TLS

CZM
May we preserve 
lcoh as lc -> 0 ?
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Figure 1 Displacement over the whole bar for CZM and TLS models for a partially damaged bar. L is
the length of the bar and l the position of the damage front in TLS model.

1.1 Cohesive zone model

The cohesive zone model was first introduced by Dugdale in [7] for ductile materials and by Barenblatt
in [8] for concrete. The model represents the progressive fracture process by condensing over a crack
the effect of the whole fracture process zone. A cohesive behavior is imposed between the crack lips
(see Figure 2(a)). The bi-linear cohesive law, well-known for concrete behavior, is presented in Figure
8(a). This model is widely used [1] and is considered to have good capabilities to fit experimental
results when the crack path is known. If it is not previously known, a complementary method, like the
maximum tangential stress (MTS) criterion [9], has to be applied.

(a) Cohesive zone. (b) Thick level set model.

Figure 2 Representation of an open crack with a cohesive zone (left) and with a TLS damage zone
(right). Dark (light) gray indicates (un)damaged.

CZM and TLS 1D equivalence

For any given stress, we  impose same energy, dissipation 
and elongation in both models. 

Note that the analysis was already carried out with other non-
local approach (Cazes et al 2009, Lorentz et al. 2012)



This choice is motivated by a damage distribution obtained from non-local damage and fracture
equivalence [17], damage profiles obtained by lattice model simulations [24] and their similarity with
some acoustic emission profiles [25,26].

2.4 Two examples of cohesive laws

Two particular cases of cohesive stress-opening functions are derived from previous relationships: the
linear and the bi-linear ones.

2.4.1 Linear cohesive law

We consider first a linear cohesive law F (ŵ) = 1� ŵ (see Figure 7). The softening function is obtained
by (50).

�̂(ˆ�) =
1� ˆ�

1� ˆ�+ �ˆ�2
and H(d(ˆ�)) =

2

ˆ�� ˆ�2

(1� ˆ�+ �ˆ�2
)

2
(51)
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(a) Cohesive linear law.

�

f

"

�

l

c

(b) TLS equivalent local behavior for different `c values.
Increasing values of `c are indicated by the arrow.

Figure 7 Cohesive linear law and TLS local behavior.

2.4.2 Bi-linear cohesive law

The bi-linear cohesive law is considered as it is one of the most popular laws to describe concrete [27-
32]. It is presented in Figure 8(a). The method to obtain H and its derivative h is the same as previously.
The result is a continuous and piece-wise differentiable H function, that is a discontinuous but increasing
h function. Corresponding strain-stress curve is shown in Figure 8(b). Details of the calculations are
given in the appendix A. Some conditions on the choice of the cohesive and TLS parameters are analyzed
in appendix B.

3 Results and discussion

The main numerical issues for implementing the TLS approach are

From CZM to TLS
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(b) TLS equivalent local behavior for different `c values.

Figure 8 Cohesive bi-linear law and TLS local behavior for different `
c

.

• the necessity of representing jumps in displacement, for which classical X-FEM enrichment is
used [33];

• the calculation of non-local energy release rate Y , performed by the resolution of a variational
problem described in [12];

• the propagation of the damage front, that is performed by an explicit algorithm with prediction
described in appendix C.

The only difference with what is described in [12] is this last point. Concerning damage initiation for
an initial sane structure, it is not numerically possible to initiate damage at a single material point. So,
it is chosen to introduce a very small damaged zone of about one element size. Moreover, let us precise
that the potential given in (12) was symmetric in tension and compression for the sake of simplicity.
Whereas, concrete is known to have a dissymmetric behavior. Thus, it is replaced by the following one.

�dam(", d) = µ(1� ↵
i

d)"2
i

+

�

2

(1� ↵d)tr(") (52)

where � and µ are the Lamé elasticity coefficients, "
i

the eigenvalues of the strain tensor and
(

↵
i

= 0 if "
i

< 0

= 1 if "
i

� 0

and

(
↵ = 0 if tr(") < 0

= 1 if tr(") � 0

(53)

3.1 Simulations and results — influence of `c

Simulations concern a three point bending test (see Figure 9) of concrete which Young modulus is
37 GPa and Poisson ratio is 0.21. The equivalent cohesive zone properties of the TLS simulations
performed are w

f

= 10

�4 m, w1 = 4 · 10�5 m, t
f

= 3.5 GPa and �
k

= 1.0 GPa. An example of
the results is plotted in Figure 10. All simulations are performed with the same ratio lmesh

`c
=

1
20 where

l
mesh

is the characteristic length of the mesh over the center of the beam where the damage band should
evolve. The local TLS behavior equivalent to those CZM parameters is plotted in Figure 8(b) for four
values of `

c

: 15 mm, 30 mm, 60 mm and 100 mm.

Bi-linear cohesive law case
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Figure 9 Three point bending (TPB) test.

Figure 10 Damage over the deformed specimen at a given step of the simulation. Blue is undammaged
material. Red is damage close to 1. The white locates the crack.
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(a) Zoom on the ligament of the
specimen. TLS damage iso-values
are drawn. Totally damaged zone is
white. For comparison, CZM result
from [35] is drawn.
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(b) Load-CMOD curve. Plain curve is TLS (raw data), dashed one is CZM
and dotted ones are the experimental envelope.

Figure 17 Comparison between TLS and CZM results. Initial damage radius in TLS simulation is equal
to 0.75 `

c

.

4 Conclusions

It has been shown that it is possible within the TLS framework to derive an equivalent one-dimensional
damage behavior from any cohesive model. The damage model depends on the characteristic length `

c

.
The damage behavior tends to the cohesive one when `

c

is close to zero. Furthermore, global response
of structures is independent on `

c

for a given one-dimensional equivalent cohesive law. CMOD-force
curves and crack path are the same for both models.

The TLS model is able to provide results of the same quality as the cohesive zone model, that is well-
known for its accuracy. Besides, it has already proven its capability to determine accurate crack paths
without supplementary hypothesis or models. Moreover, it is able to represent branching, coalescence
and initiation of damaged zones [5,12]. Even if this paper only deals with quasi-brittle materials, as
damaged zone is concentrated over a damage band, recent developments couple local and non-local
damage and allows diffuse damage prior to localization [10].

5 Appendix

5.1 Appendix A: Bi-linear cohesive law

We define the following dimensionless quantities

ŵ1 = w1/w
f

, ŵ
k

= w
k

/w
f

, �̂
k

= �
k

/t
f

(57)

By construction, we have the following relation

�̂
k

= 1� ŵ
k

/ŵ1 (58)

Force - CMOD results



the value of the maximum load. However this difference is slight: the maximum gap to the mean value
24.6 kN is less than 3 %.

(a) Whole specimen. (b) Zoom on the damaged zone.

Figure 12 Position of the damage front at the maximum load for different `
c

values.

Damage zone shape at maximum load. It is interesting to analyze the shape of the damaged zone at
the maximum load. For different `

c

values, the position of the damage front is drawn in Figure 12. The
width of that zone is wider as `

c

is bigger. However, ahead of the crack tip, the length of the damaged
zone is independent from `

c

.

Agreement of the damage model with local cohesive behavior. Cohesive theoretical local behavior
is compared to TLS simulated one. As the cohesive zone model is concentrated over a line and has no
width, it is necessary to determine which TLS quantities, denoted �TLS and wTLS, are compared to CZM
ones, that is �

xx

and w. All over the evolving zone of the damage band, the stress and the opening are
computed for different positions y. Let ymax be the maximum value of y where d > 0. For y < ymax,
about 15 positions are analyzed for the four `

c

values.

S

y

x

y

Figure 13 Definition of S
y

.

It is chosen to take the value of the stress �
xx

on the damage front, for a given value of y. By denoting
l(y) the width of the damage band at a given y and S

y

the points of the damage band where d(x, y) > 0

and y is fixed (see Figure 13),

�TLS
(y) = �

xx

(x =

l(y)

2

, y) (54)

Concerning wTLS, we consider

wTLS
(y) =

Z

Sy

"
xx

(x, y) dx�
Z

Sy

�1D
(x, y)

E
dx (55)

where �1D
= (1� d)E"

xx

. Thus

wTLS
(y) =

Z

Sy

d(x, y)"
xx

(x, y) dx (56)

The opening-stress curves obtained for different characteristic lengths `
c

are shown in Figure 14. It
can be observed that scatter plot is close to the equivalent cohesive law for small values of `

c

. The
TLS model behavior around the damaged zone tends to the cohesive one as `

c

gets smaller. Simulation
for much smaller `

c

values is difficult. Indeed, as `
c

goes to zero, displacement and damage gradients
become extremely high and are difficult to capture numerically.
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Figure 14 Stress distribution in the process zone for TLS damage model with different `
c

. Abscissa is
an equivalent cohesive displacement jump. The continuous black line is the cohesive bi-linear model.

3.2 Simulations and results — comparison under mixed-mode load

In order to verify the consistency of global results for both models, a mixed-mode test is performed on
single edge notched specimens. As the crack path is not a priori known, the cohesive model is coupled
with classical fracture model under MTS criterion. Concerning TLS, no modification or enhancement
is needed. The test, initially described in [34], is simulated with a cohesive model in [35]. The damage
front evolution during the simulation is shown in Figure 15. Note that the gradient of damage is not
parallel to the boundary of the domain, whereas it is for phase-field models [36].

A first TLS simulation is performed with the smallest initial damaged zone considered here, that is of
radius 0.10 `

c

(see Figure 16). It can be observed that the cohesive crack path is close to the TLS crack
lips even if some differences exist. Concerning the load-CMOD curve, there is an overestimation of the
maximum load and of the end of the post-peak curve. The experimental envelope given by [35] of the
tests described in [34] is also drawn. We see that TLS results lie in the experimental envelope, which is
not the case for the cohesive model.
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4 Conclusions

It has been shown that it is possible within the TLS framework to derive an equivalent one-dimensional
damage behavior from any cohesive model. The damage model depends on the characteristic length `

c

.
The damage behavior tends to the cohesive one when `

c

is close to zero. Furthermore, global response
of structures is independent on `

c

for a given one-dimensional equivalent cohesive law. CMOD-force
curves and crack path are the same for both models.

The TLS model is able to provide results of the same quality as the cohesive zone model, that is well-
known for its accuracy. Besides, it has already proven its capability to determine accurate crack paths
without supplementary hypothesis or models. Moreover, it is able to represent branching, coalescence
and initiation of damaged zones [5,12]. Even if this paper only deals with quasi-brittle materials, as
damaged zone is concentrated over a damage band, recent developments couple local and non-local
damage and allows diffuse damage prior to localization [10].

5 Appendix

5.1 Appendix A: Bi-linear cohesive law

We define the following dimensionless quantities

ŵ1 = w1/w
f

, ŵ
k

= w
k

/w
f

, �̂
k

= �
k

/t
f

(57)

By construction, we have the following relation

�̂
k

= 1� ŵ
k

/ŵ1 (58)

Comparison between TLS and CZM path



Analysis of size and shape effects 
in concrete beams

Work in progress collaboration 
with D. Gregoire and G. Pijaudier-Cabot 



�f

�k

w

1

µ

wf µ

`c
20

n i

(n = 1, i = 2)

(n = 1, i = 3) (n = 1, i = 2)

(n = 1, i = 3)

(n = 1, i = 2) (n = 1, i = 3)

Size Effect experiments on concrete beams 
(three point bending)

�f

�k

w

1

µ µ

wf µ µ

�f w

1

`c



w

�

wfw1

�f

�k

�f

"

�

�f �k w

1

wf

Gf

GF

Gf =

1

2

�fw1

, GF = Gf +

1

2

�k(wf � w

1

)

�f ft

�k =

�f

2

�f = ft, w

1

=

2Gf

�f
, �k =

�f

2

wf =

2(GF �Gf )

�k
+ w

1

�f

w

1

�k wf

Gf GF

Y d

Identified TLS parameters
w

�

wfw1

�f

�k

�f

"

�

�f �k w

1

wf

Gf

GF

Gf =

1

2

�fw1

, GF = Gf +

1

2

�k(wf � w

1

)

�f ft

�k =

�f

2

�f = ft, w

1

=

2Gf

�f
, �k =

�f

2

wf =

2(GF �Gf )

�k
+ w

1

�f

w

1

�k wf

Gf GF

Y d

�f

�k

w

1

µ

wf µ

`c
20

n i

(n = 1, i = 2)

(n = 1, i = 3) (n = 1, i = 2)

(n = 1, i = 3)

(n = 1, i = 2) (n = 1, i = 3)



0 40 80 100 160 200
0

1

2

3

4

5

6

7

CMOD (µm)

L
oa
d
(k
N
)

i = 1 n = 1 TLS
i = 1 n = 2 experiental
i = 1 n = 3 lattice
i = 1 n = 4

0 40 80 100 160 200
0

1

2

3

4

5

6

7

8

9

10

11

12

13

14

15

CMOD (µm)

L
oa
d
(k
N
)

i = 2 n = 1 TLS
i = 2 n = 2 experiental
i = 2 n = 3 lattice
i = 2 n = 4

0 50 100 150
0

2

4

6

8

10

12

14

16

18

20

22

24

26

CMOD (µm)

L
oa
d
(k
N
)

i = 3 n = 1 TLS
i = 3 n = 2 experiental
i = 3 n = 3 lattice
i = 3 n = 4

Deep notch

Lattice model:     

�f

�k

w

1

µ µ

wf µ µ

�f w

1

`c



0 40 80 100 160 200
0

1

2

3

4

5

6

7

CMOD (µm)

L
oa
d
(k
N
)

i = 1 n = 1 TLS
i = 1 n = 2 experiental
i = 1 n = 3 lattice
i = 1 n = 4

0 40 80 100 160 200
0

1

2

3

4

5

6

7

8

9

10

11

12

13

14

15

CMOD (µm)

L
oa
d
(k
N
)

i = 2 n = 1 TLS
i = 2 n = 2 experiental
i = 2 n = 3 lattice
i = 2 n = 4

0 50 100 150
0

2

4

6

8

10

12

14

16

18

20

22

24

26

CMOD (µm)

L
oa
d
(k
N
)

i = 3 n = 1 TLS
i = 3 n = 2 experiental
i = 3 n = 3 lattice
i = 3 n = 4

Small Notch



0 40 80 100 160 200
0

1

2

3

4

5

6

7

CMOD (µm)

L
oa
d
(k
N
)

i = 1 n = 1 TLS
i = 1 n = 2 experiental
i = 1 n = 3 lattice
i = 1 n = 4

0 40 80 100 160 200
0

1

2

3

4

5

6

7

8

9

10

11

12

13

14

15

CMOD (µm)

L
oa
d
(k
N
)

i = 2 n = 1 TLS
i = 2 n = 2 experiental
i = 2 n = 3 lattice
i = 2 n = 4

0 50 100 150
0

2

4

6

8

10

12

14

16

18

20

22

24

26

CMOD (µm)

L
oa
d
(k
N
)

i = 3 n = 1 TLS
i = 3 n = 2 experiental
i = 3 n = 3 lattice
i = 3 n = 4

No notch



Conclusions on TLS 

• Crack appears automatically and X-FEM may be used 
to model displacement jump

• Automatic seperation between local and non-local 
zone

• Smooth transition into non-locality

• No matrix solve for damage update

• For quasi-brittle material, TLS generalizes CZM giving 
thickness 2lc

• It seems to fit size effect for concrete beams



Under way
• From visco-damage to fracture (with Ifsttar O. 

Chupin and J-M Piau) poster 2pm

• Several damage variables (with C. Comi 
Politecnico de Milano) and damage anisotropy 

• Cracks in reinforced concrete 

• Fragmentation (with J. Dolbow & A. Sterchic 
Duke University)

• Ductile failure 

• CFRAC conference 14-16 June 2017 Nantes


